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OF

. . .

The problemis solvedby approximation,by settingup a
functioncomply~ with the tiifferentlalequationof the stress
functiofi,and determiningthe coefficientsap~aring in it in euch
a way thatthe bo~dary conditionis fulfilledas nearlyas possible.

For the semicircle,for whichthe solutionis known,the
methodyieldsvery accuratevalues;the approximatedstress
distrilmtioni~ in good aby?eemmtwith the accuratelycomputed
distrilnltio~* Stressand strainmeasurementsindicatethat the
approximatesolutionis in sufficientlyexactagreementwith reality
for segmentalcrosssections.

I. F@JDAMENTALEQUATION

SOLUTION BY THE

03’‘JXXS1OIVANDITS AI!PROXIMA!W

MWI!HODOF IEASTSQUARES

The torsionpro%l.einfor the priematicmemberstressedby
twisttigimmeniwat the ends is formulatedas follows. IYnd a
fwwtion f(y, z) whichin the cross-sectionalpl.a.nesatisfies
the partialdifferentialequation .,

2?f a2f
;2-+ ‘“- -.1
d 322 -

(1)

end,atthe?xNMary of the crosssectionthe condition

*’!DasTorsionsproblemf&St%bevon lweisabschni,ttfdrmigem ““
Ql,Km3chnitt.”Lufltfahrt--Porschung,Band 20, 13g,12, FBI. 8, 1$$+4,
PP” 333-34Q*
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This fiction r(y,

mmber according to

tho double integral
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z) then gives.tih~torsionconstant Jd of the

Jd”= 4
u

f(y, Z)dydz

to be extended over the cross section. The
g,ngleof twist * of a length 1 As

M.J
lJ=—

‘d

(3)

(4)

Md the appliedtorque,’ G the mihil.us of ktgidityof thematerial.,, .. . ..

The components of the shearing stress follow from

-,

(5)

Owingto the equations(5) which satisfy identically the equilibria
condi.tlon

& &xz
XY + —=0–.

32

f(y, z) is ml-led.the stress function of’ the torsion problem.

The differentialequation(1)with the
equaticn(~)follcm from the consideration
and the relation%etwoenstressand stiain,
Hooke’slewr.

boundarycondition
of me state of s~ain
whichis givenby

Occasionally, it is appropriate to introduce the polar
coordinates rjp instead of the rectangular coordinates (y, z)
(fig.1). The diffexcnbialequationof the stress fiction together
with the bow?dary condition tlnen reads
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whilethe torsion

3

constant follows from
,

and the shearingstreescomponentsfrom

..:.
.?

214d”lbf . :,... =—.———.—,. r ‘d. r aql )

}
2Md af

,. Tm=’-— —
“Jd ‘ ~r J

(3ai

(5a)

Ri&orous methods for solving the’’potential problem posed by
equations (1) and (2) will not W discussed. .

The approx*mte solution can tie effected in three ways. A
functioncanbe assumedthat satisfiesequation(1)but not
equation(2). Ii’the differential.equationis re:placed-by.a
variationprollem,it resul-t~in the conventicmalRitz method;or
a funcbionsatififyingthe differential.equationcan%e asmmed and
thetovndwy conditionr~e’tin individualpointsor “onthe average;”
an exactexplanationof what is meantby ‘!onthe average”will be
givenlater. Lastlythe d.ifferentia.lequationcan be replacedby a
differenceeque.m.onand the linearequationsystemensui~ from the
boundmy cond-iticntiolved.by iterationwith the aid of the LieWann-
Wolf inet.hod.Only the secondmethodis discussedin the present
report,afterhaving%een pointedout}amongothers,hy Trefftz
(reference1) and St. Ber@smn (reference2).

Sincethe torsionproblemof the segmentis to be treated,we
proceed.from..the,d~fferentialequation(la). It has the particular
solutions

from which the general solution

(6)

(71
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canbe builtup. Nuw

end bk Is involved.
that equation (2a) ie

the d.etemdnation 0$ the

The next thingis to so
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coefficients a’k
determim them

ccmpliedwithinindividual points. JUDOng
others ~ problo& &lating- to plate bending have already been
solved by this method.

Another way is the f ollowfng: Rather than specifying strict
compliance with the boundary condition at originally established
points it is required that by choice of the coefficients the integral
of the squares of the boundary values is least. IiI this ins~,e
the boundary condition is saidto be fulfilled “on the average.

LChismethod is hereafter celled the method of least squares.
In the f ornula the requirement on the

7=
f

Atihm.n.ai

The integral is to be extendedover
indicated by the sign

.

- j?f{-;+.o+;;:

The coefficientfi f Qlkw from

factors reads

Boundary clement (8)

the entire boundary; this is
equation (7) in equation (8) gives

the requirement

From oquatton(10)followsa linear
-~ aoj ak, and bk.

= O, k =1. .

equation system

.n (lo)

for the 2n+l

!L!hewact~cal use of the method depends upon whether suff id.ently
exact res~ts consistent with a mcderat~ amount of paper work are
obtainable, especially for the stresses, or in other words without
having to solve a great namiber of linearequations.
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1 ● Scmmllm.e;strict

‘by‘thsMfmoa

The strictsolutionof the

5

SlwtcnimzAm ‘.rEmSEwmT

and ApprcndmateSolution

of Least squares

torsicn problem for the seotor was
given by St. Venant (Hendb. d. Physik Bd VX, pp 153-154). The special
case of the semicircle is ‘easily treated as will be shown.,

To reauiin’ in agreement wikh the notatzon for the se~nt
(fig. 6) the coordinatesystemof figure2 ts shownfor the mmicimle.

.

~ the stm.ight%oundary F@, p = $ and 32; in the cross
g< ~~sectta, —= q = ~ .
2

The stress function is e~ssed by

f (r,, q) = “~ Xh (r) cos lap
1,3...

(11)

It alreadyWills theboundaryconditionon the stmi@t boundary,
since k is an odd number. The constant 1 in the titernal
7C< ~$3L—=
2

2 is expandedin a Fourierseries.

%-

4—
.k~

xl, .,. ‘-’)’ +
l.- (I2?)

Intmduc~ equations(11)and (12)in equation (la),the comparison”
of the ooeff iciente of cos @ on both sides of the equation gives

(13)

The solutionof thisdifferentialequation,fin*tefor r = 0, reads

(14)
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Since Xk@) m’uitbe = O
.,

k+l
4, (-1)‘~ #-k “ ‘~.--~

and,hence, .,,.. ...... .,, ‘,’,,.,,
.,.

‘+f+(q +:9. (.,)4R2” >m-: (=l)k+ -
f(r, ql)= —

X l,j~.. k(,4-k?) .R ..R _
.’

is the solutionof the torsionproblemfor the semioi-role.The
torsionconstant Jd and the shearing stressdistributionare

ccmpu~d fram equation (16). l%om equation(3a)followson three
placesexactly

= 0.297 R4 = KR4‘d

and from (5a)

1 ~4 ~]

(R) 1-——-—--sin5q +-0..
92-4 4 R

(17)

1 ~4

()
5– 1“qcos 59+-... (18)

5(!52 - 4) R4
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The mexhwn shkmmlngfidzre% moms at A (fig.Q), W@ Zs, ~~

for r = O and q-=-~. Hem
f-

8’”a
T- =

‘d——=2.85— (19)
3~flR3 ~3

The shearingstress at C (fig. 2) is -

c Ma
= 2.44—

‘Q ~3

Following the rigorous soluticm for the semicircle en approximate
solution by the method of least squares shall. be deriyed.

Sticethe crosssecttonis symmetrical-about q = n, and
followingequation(7)we writi:

Instead of coefficient ~ the quantity ~ is ti*od.uced by

* ~2xk
.—

‘4Rk

(20)

(21)

.,
!.

so with x =;, f~ (a) reals
,“

( +-k

)
2.h2.+L X@ Coekq

‘=4 ()-
(20a)

The lmundery valuesare

,(

‘“#2 +~”.’w ‘

)
on AB(fig.2) F*=X -A +~+ COST

On EC (fig. 2) Pm =“:(l+;%COS*)
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Themethodof lixistsquares yid.da es cxmdttiond. equatian,,. ,.

!rlmwfore

1(1 )kfi 2
-X? + ,2’ Xp$ Coa ~ x Cos ;a

o

For Xk the M.near equation system with syzmetr’ical matrti

+

~Ak@ k=% 2 =0,1,0..

Aoo d+;

Y-r
C082$$
----- k =1, .AW=”~+2k+l

‘Jr “M
Cos -@ COB ~ 1

——..—.- - —

‘kt = k+2+l 2

sin (k . @
+

k-l

● .n

Sill(k + @
-—

‘.+2

for x~

= Min. {22)

(24a)

(24%)

k # 1 (24c)

!the nmerfcal cahnzl.aticm was effected for n = 1, 2 . . . 6.
For n = 6 @e equationsystemreads

,.
.,
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Kla
“+“

dim,.,
i

.,

Mw
+..\i-

a

$?
r-ill.n
+

E!*
1+11-f-l
+

I

%0
?qii-

+

,,

rlj+)’
II‘

N’
r+jm

,+

.s-
X

mlc-
1

J’
E t-d-
+

J’]
W’)jln

1

*o
A]C-)

‘d‘[in
8.

.,1 ,,

+-

‘+

l-r’

A“
I-ilcil
+

I
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The coefficientswere
up to the fifthplace
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changed to deciml fractions and considered only
after the decimal point. Six approximations

were computed;

rias used. The
equation (20a)

for the first apWoximation ~ = X3 = c ● . =X6 = 0

result is presented in table 1. Insertion of
in equation (3a),’ gives the torsion cons-t Ja aS

and the following approxtitions for K c~uted exact to three
places:

k(l)= 0.414
‘(2)=

0.326

= 0.298 = 0.300
‘(4) ‘(5)

‘(3)
=0.300

‘(6)=
0.298

The third approximation computed from fow line= equations already
gives a torsion constant value that differs by no more than
2/3 percent from the rigorously computed value.

For We stress calculation, equation (20a)is inserted in
equation (5a), so that

M k-1
T . g.. + lmk~
l?=

Sillkq
2KR3 ‘i_

(26)

‘d @- (~ -2X.+ kxlrh
k-1T ---...—-..

q)= )
Cos lap (27)

%33 1

The sheartn~stresses
~mg=f ad ~ pg

r at the straight lmuxiary

are .,,

~~=-Ma
T

(‘1
“ 32L3L2+ 5x5&4

)
-+**.

r $&~3
(28)
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(29)

Fox’ X=1 the

,.
..,.,

t3heaK@ iriiwssefi & ‘““”

X4
T

‘d=--
r *R3

.

( )xpin Q+2x#n2qHm “a

,.

)
+x1 Gos Q+~cof32q)+ ● *O

(30)

(3Q

The two meximm shearing staxmes are:

Of these

approxinmtedy

*Z ~ Thtl

expzwssions r
P 3. must at leas%..

disappar.

I’iowfor a check of the exlxmt to which these canditlons are
mt for the different approximations end also of We oxte@ of the
differences between the approximated and the exact values of ~=
* T~.

P
The 3xxm3.ts * represented in td%le

. to 5* The f’ourthapproximationalreadygkresa
whioh is somewhatfurtherizqpxmedby @e fifth
mations●

II and f@LUXM ~..... .... ...
Ber&eable result,
snd sixth a_-

*

Fi@eB 3 end 4 shuwthe aPIn?oXiZUatiOnSfor T@~*

iuld ,~1 ““
r whichreallyshould disappea ~ Et ixuiititiil goa

agreement in tie fifth and sixth approximations. I?igure 5 shows’
. .r

,.
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“9=;
,, ~the shesxinestress Tr at We strfllghtbm~ plotted

against X =~. !thefourth,fifth,d sixthapprc.1.riaticnediffer

littlefrom e;ch otherend fromthe accurate
designatf’xlbj g. p.~~~*};eddep@~. OCCU2X3
vicinityof ‘tJkmrnc’r {~ointB in fig. 2).

..-
.,

2. The Segment

stressdistribution
in the imnediate

E dsl is an element of the straight

an element of the arc BC,

dsl

ds2

The expression that is to
coefficients ~k reads

dq)
=Rcosa————

Col%l

=Rdq)

be made a minimum

(34b)

boundary ~ ~d *2 .

(354

(3!%)

by the choiceof the

(36)
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From
W
— = O followsa >ine~ equationsystemuith symmetrical
axk

matrix for ~, which i~ to be written in the fom of equation (23).

‘e c@fficients ‘k2
and the ‘rightsidessre givenby ‘.

.,

AW=R -a+sina (37a)

=1,2, .,.n (3P)

1+sin(k+t)g) k=l,,2, . ..n——
k+l 1 =0, 1, . . .n “

Bo=x ( 2
)

- a+ sin u cos u+~sin2a
3

(37C)

(37d)

The integralsappesring@equation (37) are of the fozm

[

aCO13m.—j they can be defined by e~ressing COE3pq by Cospq$
o Cosqq

Cosx$)j
omitted.

The

equation

etc. A reproduction of the somewhat elaborate formulae

matrix Akz including the ri@t-hand sides 111 of

(23) were coqputedto five‘placeswith the calculati~

is
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machineas
limitsthe
figure6.

functions of a. TO keep the paper work within. tolerable
process was carrie~ to k, z = 6. The reml.t iG shown in
The unknowns XO, xl . . . X6 were computed by

equation(23),by the Gaussmethod. The i%sultis givenin tableIV.

After XO, Xl . . . X6 havebeen determinedthe torsion

constant Jd and the shearin~stressescs.nbe computed.

By equation(Sa)the torsionconstantis

[J

)
Jd.8 f(r, q)r & dq

ABC

The double inte~’al is to be extended over the area ~C (fig, 6)

C06 a
;=R—

Cos q

//

37 R
Jr dq) f(r,(p)rdr

a o

Insehtionof the
equation(23) in

‘d =

expressionfor the sheari~ function f from
thisformulagives

R41
I-x. a sti2a

(

2---- —--- cons
2 4..,.

( )sin 2ci
+x n-a-l—---o 2

+ 2 1sin ka
.—.—

k
-.—-. K B4 (38)

—
--l



,- — . .

NACATM No. 1182

with

By equations (7) and (5a) the sheariW stresses are

15

..

(39)

(40)

(41)

(42)

(43)

a C*G a ‘-1 ,fn (k()+T~kxk —
1, 1-qq,,(hla)

Cos q

. . . . . .. .. . . ...



,,,,,,.,.,,., lm-- .,.,-,.. ,, , . . ml .- . . . . . . . . . - , ,,, ,. , . .,--,, ,,, . . . !! ., !.,. , !.! .! . ., -,. ,,. !.- -. . ..---. -.——. I I I I I I . ..., ! !m.. , ,,

16

on BC
9
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.,

Of these equations (b) and (43~)
approximately).

Iastlythereare theformdas
Aand C (q= r).

must disaypear(atleast

for the shearin~stresses

~A ~ = ‘d.

(

n

z
)

k-la-- 2 Cos a - k xk COS
x!’ = max $y@ 1

(42a)

(43a)

in

(4(M))

(k2b)

The numericalvaluesfor the torsionconstantemd the
particularlyinterestingshearingetresses ~A and TC follow

Xy “P
from equations(38), (40b),and (k2b). These
tableIV and in figure7 plotteda~ainst a.

are also includedin

(b) Solutionfermulaby Foyrierseries.-
segmentalcrosssectioncan alsobe solved%y
series. The methodis brieflyexplained.

To transfomnequation(la)we put

9
f=-—

4
+ @(r, P)

must te a potential function which assumes
=

The torsionproblemfor
means of the Fourier

(44)

the values

(4’j)

at the section boundary.
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Therefore

(46)

This even fun~tlo~of q ie developed in a Fowrier series in the
interval. -n = q) = + x

with -

2221 ( )sin 2aa=--—fet+t+——.———.
o 4+ Yr 2

. 52& ~082a

/

u CQS nq
%

sin na
.—,

4fr w—
0 coa2p n

17

(47)

(47a)

The potential function @(rj q) is builtup with the aid of yet
to be determinedcoefficientsfromparticularsolutions.

a)

4 = ~. bnrn cos nq

At the boundary O assumes the following values

m

~
O$pSaF= b#ln-XS&cos

coBnQ

(48)

nq

)“(49)
‘..—---- . ..— . . . . . .. .



\

18

This even
.fi:q< =

1-
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function of q) is also developed in interval

+ a in a Fourierseries

.(50)

TheFourier series(equatione(47) snd..(~)) obtainedfor the
Imzndary values of @ mustbe identical,that is

Bn = an n= o; 1, ● ● .

This is an infinitelined equationsystemfor the looked-for
coefficientstn. With

(51)

~2
%nRn =—/%

(52)
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the syfirtemreads . ..
. . .. ’., ., ,

,.

Y“
,:.,‘ SW 2a

Ymo. + ~. . /%n%l=*-a+”2’ ““

.,,

The coefficientsaon and ~ are givenly

/

a COCIn~
a

8in nu
on = Cosncc —---= dq-, -.n=. l,2, . . .

O.cosnq ‘,

!u cos2ncp n - a sin 2na
ann = Cosncz -dq+—’-

0 Cosnq) “. 2 kn ,

sa COS kQ COS ZLC/) sin(n - k)a
~ = ,COS% aq)

o cos%p 2 (n - k)
.,
..’

19

,..

(53)

,..

1((54)

1
sin(n + k)a I

i
2(n + k)

)

Obviously ~ #

To solve for
()~, thatis, the matrix a~ is not symmetrical.

given a the torsionproblemby thisprocessthe
Fourior series must %e limited to finitely UHWY %e:ms:in other
words,the system(52)must%e ap~zwcbatcx?.‘Jytl.eseiti:~:method.

For exemple, goingas far as x~ i~iclvsi~emeaw that 7“ = 49 factors

~ have to %e computed. The numericalcalculation‘Urnsbecomes

very tediousand is tnoreforeomitted.

III. CBECKOF TEEORETICALIUH3LTBY T!13ST

With the setup describedin reference3 the torsion constant J@
of a member of segmentwlsection was optically determined; while the “
maximumshearingstress T - (XointA in fig. 6) was determined by

mans of stressmeasurements.The shaftsketched in reference 3,d
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figure1 wae machinedto & = 70 n@.l~tezs and a flat surface
milledout whichgave the ilesiredsection. The milledswrfaces
correspondedto the angles CL= 20°, ho, 60°, and ti”t me
ccunparison is illwtrated in figure 7. The agreemnt is pla~
efficient.

Trsmlated by J. Vanier
NationalAdvisoryCammittee
for AeronautZce

RmmmoEs

1, Trefftz, E.: IRLnGegenstiick zvm Ritzschen Verfahren.
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2. Ber@ann, St.:Eln Nhherungmerfahrenzur L6sunggewieser
partieller,linearerDifferentialgeeichungen. Z. angew.
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3. Weigand,A.: Emitthmg der Fomziffer der auf Verdrehung
beanspruchtenabgesetztenWellenit Hilfevon Feindehnungs-
messungen. Luftf ‘ForschgO33d020 (1943),Mgt 7, P ● 2170
(AIso available as NACA.TMNo. 1179. )

‘.
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TABLE I

. THE AIWROXIMATIONSIOR TEE UNRI?OWNIN TIE EQUATION

SYST!EM(23) AI?PLICABIETO TEE!E%MICIRCXX

‘o ‘1 % ‘3 ‘1~ ‘!5 ‘6

First approximation

0.486 -0.654 I
-------

I
------

Second &pproximation

0.1135 -1*399 I
+.638

I
-------- --------

Third approximation

0.0136 -I. .6553 I -0.9412 I 0.3004 1.
------

Fourth approximation

-0.0086 -I. .7364 I -1.059 Q .4566 I * .10095

Fifth a~roximatlcm

-0.0068 -1.7310 I -1.0711 I Q .00855 I
------

Sixth approximation

-0.00022 -1”6’978 -0.9967 m .3251 0.0308 0 .Ogoo 0.0359
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Al?FRoXllWYCEVAUD3SIO’i?T AND $

First Second Third ??olnth Fifth sixth
approximateion a~yroximati on approximation approxinmtion Rpproximathn approximate

#Tm = o.~$xl 2.15 2.76 2.91 ‘ 2.88 2“%
d

*3 ~
~1 T- . 1.625 2.79 2.2 2.46 2.47 2.41

TABLEXV

TEE SOIXll!IONSOF THE LIXEAREQUATIOIVSYS5f (23) INCLUDINGTEE KI?SIONCONSIYiNT

Am TEEsEEARrNGsmEssEs #Am Tc

%

1
“999
“9903
●*
.9106
. @09
.6%7
.5060
.2743
-00002

o
-.0023
-.0191
-.06g7
-.1715
-93375
-*57W
-*W

-1.2704
-1.6978

o
-.0022
-.0183
-.0644
-.1515
-.2814
-.h~ll
-.6309
-.8331
-.9967

‘3

o
-.0022
-.0171
-.0562
-.1219
-.2046
-,2900
-*335?
- ● 3711
-.3251

‘4

o
-.0021
-.0155
-.0478
-.oql
-.1255
-.1443
-.lo~
-.0705
.0308

0
-.0021
-.0136
-.0347
-.0544
-.0609
-.0464
.0035
.0339
.Ogoo

AS FCUWJ!IOESOF a.

;xact
Wd_lm

2.44

3
-.0020
-.0116
‘.0237
-.0261
-.0163

.0004

.0230

.0261

.0359

1.571.
1.567
1.541

1.470
1.342
1.155
“933
.706
.479
.298

0 AZ

●W
●794
.91

1●O*
1.24
1.52
2.03
2“6

0.637
.638
.66
.70
.74
.83
.96

1.19
1*65
2●41

..-
NI
N1
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SISIZM(23)ASIWWl!IO~OF a

%) %.2 A
15%0 %0 ’30 ’40 %0 ‘& ‘1.l

~
t?

U@+
:.533:

G5a3
1.20477
1.04720
.90916
.81686

0

‘o●(X)264
-.02063
-.06699
-.15038
“.27364
-.431
-.61

%-.81.3

0

0.C0434
-.03272
-.09968
-.20373
-93573
-.43301
-.48%)6
-.45969

0

0.Oqj$q
“.04247
-*U*
-.20317
-*=7
-.21@l
-*W
.12798

0

Q.00749
-.04924
-.ll@
-.15391
-.11243
.04330
.21147
.2896

0
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Figure 1.- The coordina es of the section
stresscomponents.

points and the shearing

Y .

Figure 2.- Semicircular section with coordinate system.



Figure 3.- Approximations for the shearing
stress T~ at the straight boundary AB of
the semicmcular section.
1:1. Approximation 4:4. Approximation
2:2. Approximation 5:5. Approximation
3:3. Approximation 6:6. Approximation

Figure 4.- The approximations for T r at the

boundary BC of the semicircular section.
1:1. Approximation 4:4. Approximation
2:2. Approximation 5:5. Approximation
3:3. Approximation 6:6. Approximation
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5. AB of the

semicircular section.
1:1. Approximation
2:2. Approximation
3:3. Approximation

g: exact

4:4. Approximation
5:5. Approximation
6:6. Approximation
solution

Ic

.1 z

Figure 6.- Notation at segment.
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Figure 7.- The torsion constant Jd and the shearing stresses

of the segmental section plotted against the angle at center
theoretical values (full curve) and experimental values.
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